An E-CUSP scheme is developed to solve the equations of magnetothydrodynamics. A fifth order WENO reconstructions are employed to calculate the fluxes in order to achieve high order spacial accuracy. Four standard testing cases, including two one-dimensional problems, the 2D Kelvin-Helmholtz instability and the Orszag-Tang MHD turbulence problem, are solved to validate the accuracy and robustness of the scheme. The 1D Brio-Wu shock tube problem is used to show the capability of capturing the compound waves in MHD. The other 1D problem tested is to demonstrate the robustness for high Mach number flow in MHD. The simulations of two 2D cases have demonstrated the capability of the new scheme to capture complex interactions of multiple shocks and vortices.
Introduction
The governing equations of magnetohydrodynamics(MHD) merge the hydrodynamics equations with Maxwell equations of electromagnetics. However, the electromagnetic field makes the structure of MHD equations more complex than that of hydrodynamics equations. There are seven eigenvalues and eigenvectors in the system of MHD equations, which means that there are seven different waves. In addition to the entropy wave, which propagates with the fluid speed, there are three other wave modes. According to the magnitude of the wave speeds, these three modes are called fast, intermediate (Alfven) , and slow waves. The fast and slow waves are compressive, while the intermediate wave is not. Depending on the direction and the magnitude of the magnetic field, these wave speeds may coincide. Thus the MHD equations form a non-strictly hyperbolic system [1, 2, 3, 4, 5] .
Since the ideal MHD equations have a wave-like structure analogous to that of the hydrodynamics equations, various numerical schemes for hydrodynamics equations have been extended to solve the MHD equations in the past two decades. The approximate Riemann solvers, which are based on eigenvalue and eigenvector analysis, are widely used for high speed flow as well as for high speed MHD applications. Beginning with the work of Brio and Wu [1] , the numerical methods for MHD equations based on approximate Riemann solvers have extensively been studied and developed. For example, Roe's Riemann solvers are developed by Brio and Wu [1] , Dai and Woodward [6] , Zachary and Collelaz [7] , Roe and Balsara [2] , and Cargo and Gallice [8] . HLL(Harten-Lax-van Leer)-type schemes are developed by Janhunen [9] and Honkkila and Janhunen [10] , Gurski [11] , Li [12] , Miyoshi and Kusano [13] , Balsara et al. [14] . Flux vector splitting methods are developed by MacCormack [15] , Jiang and Wu [4] . The equations of magnetohydrodynamics are not homogeneous of degree one with respect to the state vector and hence can not directly perform flux vector splitting. To overcome this difficulty MacCormack introduces an extra variableã in Ref. [15] . The flux splitting schemes based on eigenvalues and eigenvectors system are generally very complicated. In our study, we noticed that, in the eigensystem of Roe and Balsara [2] , the eigenvalues of the Alfven waves have no affect on the flux. In other words, any values can be used for the eigenvalues of the Alfven waves and the flux will be the same. This makes the flux splitting based on Roe's approximate Riemann solver uncertain.
The low disspative high order filter schemes developed by Yee and Sjogreen [16] for MHD systems involves a dissipative portion of higher order Lax-Friedrichs scheme or an approximate Riemann solver. Moreover, Balbas [17] developed a central differencing scheme based on the evolution of cell averages over staggered grids. Gaitonde [18] developed a compact difference method for MHD with a local filter switching procedure to change the higher order filter to a second order filter locally for shock capturing. The central differencing scheme and the compact difference scheme do not need a detailed knowledge of the eigenstructure of the Jacobian matrices. However, the central differencing schemes have difficulty in capturing shock waves.
In recent years, the convective upwind and split pressure (CUSP) family schemes, which simultaneously consider the convective upwind characteristics and avoid the complex eigen-decomposition process, have achieved great success in gasdynamics. The CUSP schemes can be basically categorized to two types, the H-CUSP and E-CUSP [19, 20, 21] . The H-CUSP schemes have the total enthalpy from the energy equation in their convective vector, whereas the E-CUSP schemes use the total energy in the convective vector. The Liou's AUSM family schemes [22, 23, 24, 25, 26] , Van Leer-Hänel scheme [27] , and Edwards's LDFSS schemes [28, 29] belong to the H-CUSP group. The schemes developed by Zha et al. [30, 31, 32, 33, 34] belong to the E-CUSP group.
Most of the CUSP schemes mentioned above are low diffusive. However, as discussed in [35] , the low diffusion scheme combined with high-order reconstruction is more probable to yield numerical oscillations in a shock wave. Agarwal et al. [36] applied the original AUSM method with first-order spatial accuracy to one-dimensional MHD cases. Han et al. [35] developed a AUSMPW+/M-AUSMPW+ schemes combined with the MLP interpolation method to achieve the higher order accuracy for MHD equations.
In this paper, an E-CUSP scheme is developed for MHD system. This scheme avoids the complication of deriving the eigenvalues and eigenvector system when the MHD equations are incorporated. The new E-CUSP scheme is used with a high order WENO reconstruction for the magnetohydrodynamics equations. The numerical experiments demonstrate the new scheme's accuracy and robustness.
Numerical Method

Governing Equations
The ideal MHD equations for inviscid flow can be expressed in vector form as [37] ∂U ∂t
where
, ρ is the flow density, V is the velocity vector, ρe is the energy, p is the pressure, B is the magnetic field. The initial conditions have to satisfy
The exact solution of MHD equations [Eq. (1)] keeps ∇ · B = 0 indefinitely, thus the expressions proportional to ∇ · B, the rightmost terms in Eq. (1), are zero analytically. However, in multidimensional simulations numerical errors may lead to a nonzero gradient. There are several methods [3, 17, 38 ] to enforce ∇ · B = 0, for example, a Leray projection corrector can be implemented at the end of each time-step,
with the approximate boundary conditions. The corrected divergence-free magnetic filed, B c , is realized by
For one dimensional case, if B x is a constant, ∇ · B = 0 is always satisfied.
The governing equations. [Eq. (1)] can be written in the Cartesian coordinate as:
the Alfven speed is
and the fast and slow speeds are given by
In the generalized computational coordinates, Eq. (5) can be written as:
At ξ-direction, the eigenvalues of the Jacobian matrix A = ∂E ∂U in system (6) are
, and b 2 and c are same as in the Cartesian system. C = c ξ 2 x + ξ 2 y + ξ 2 z will be used in the next section.
E-CUSP scheme for MHD equations
The semi-discretized conservative one-dimensional MHD equations can be written as
Following the E-CUSP scheme in [34] , the flux E may be decomposed to convective and wave flux as the following,
Similar to the pressure term pU that is separated from the enthalpy term ρHU in the E-CUSP scheme, the term p t U (ψ) is also separated.
The numerical flux of the E-CUSP scheme is constructed based on the one given in [34] as the following,
and
Note that, in [35] , the speed of a fast magnetosonic wave is used to define the Mach number M =
. In the present study, we find that using
is smoother and more accurate for the compound wave of Brio-Wu's shock tube, and there is almost no difference in other regions. Hence, the Mach number is defined as
is adopted.
High order WENO reconstruction[39]
The WENO scheme is used to evaluate the conservative variables U L and U R . The WENO scheme for a variable u L can be written as:
where ω k (k = 0, · · · , r) are the weights, and the q k (k = 0, · · · , r) are the rth order accuracy reconstruction of the variables in three different stencils.
and where C k are the optimal weights with the following values.
The smoothness indicators IS k suggested by Jiang and Shu [39] are given by
The ε in Eq. (15) is introduced to avoid the denominator becoming zero. Jiang and Shu's numerical tests indicate that the results are not sensitive to the choice of ε as long as it is in the range of 10 −5 to 10 −7 . In their paper [39] , ε is taken as 10 −6 . In [40] , Shen et al suggested to use an optimized ε value of 10 −2 in the smoothness estimators to achieve optimal weight in smooth regions in order to minimize dissipation and improve convergence.
The u R is constructed symmetrically as u L about i + 1/2.
For the third-order(r = 2) WENO scheme, there are
,
For the fifth-order(r = 3) WENO scheme, there are
Time Marching Runge-Kutta method
The 3rd-order TVD Runge-Kutta method developed by Shu and Osher [41] is used in this paper. To solve the equation
the 3rd-order TVD Runge-Kutta method is
3 Numerical examples
One-dimensional Riemann problems
(1) Brio-Wu shock tube problem
The initial left and right values have been suggested by Brio and Wu [1] and are commonly used to test numerical schemes for one-dimensional ideal MHD. Note that the hydrodynamics data used here are identical to those in Sod's shock tube Riemann problem. The numerical example involves a compound wave, which is a typical feature of the solutions of MHD systems. For each quantity, the solution contains five constant states separated by a fast rarefaction wave, a slow compound wave, a slow shock, and a fast rarefaction. The density presents a sixth constant state because this variable is discontinuous across the contact discontinuity [1] . Fig. 1 shows the solution with 800 points at t = 0.2. It can be seen that the present method resolves well all the complex waves.
(2) High Mach number shock tube problem
In the second tested case the following initial values are used to demonstrate the robustness of the present scheme for high Mach number flow in MHD. The Mach number corresponding to the right-moving shock wave is 15.5. This problem is also used in [1, 4] . The numerical result with 200 points at t = 0.012 is shown in Fig. 2 . There is a slight undershoot at the tail of the rarefaction wave. The contact discontinuity and shock wave are captured very well. These numerical results agree well with those of Jiang and Wu [4] and show that the present scheme can deal well with MHD high Mach number flow.
Two-dimensional Kelvin-Helmholtz instability
The Kelvin-Helmholtz instabilty is considered as an important mechanism for momentum transfer at Earth's magnetopause boundary, which separates the solar wind flow from the Earth's magnetoshpere [42, 4] . In order to compare the results, the computational conditions are taken as the same used in [4, 17] . The initial stationary configuration of the periodic model is given by
where a denotes the width of the velocity shear layer. At t = 0, a small perturbation of the following form is introduced,ũ
, H = 1, a = 1, and γ = 2 are used. The periodic boundary condition is used in the x-direction. The free outflow condition is applied at the top boundary at y = H. At the low boundary of y-direction, ρ, p, and B z are symmetric and u and v are antisymmetric under the transformation x → −x.
A Roberts transformation [4, 17] 
with τ = 6 is used to refine the grid near y = 0. The mesh has 96 × 60 grid points. Fig. 3 shows the current computational results. In calculation, the components of B x , B y , and w are always zero and the evolution of B z follows closely with that of the density. They are in excellent agreement with Jiang and Wu's results [4] .
Orszag-Tang MHD turbulence problem
Since the Orszag-Tang MHD turbulence problem [43] has many significant characteristics of MHD turbulence, such as interactions of multiple shock waves generated as the vortex evolves, it is considered as one of the standard models to validate a MHD numerical method [44, 4, 45, 17, 35] .
The initial conditions are given by
where γ = 5/3. As in [44, 4, 45] 
Conclusions
An E-CUSP scheme that avoids the complex eigenstructure of the Jacobian matrices in MHD system, is developed and used with a fifth order WENO scheme to solve 1D and 2D MHD problems. The numercal testing shows that the scheme can resolve the complex wave characteristics in MHD very well. Density contours Pressure contours Density contours Pressure contours Density contours Pressure contours 
